Abstract The attitude control problem of a spacecraft underactuated by two single-gimbal control moment gyros (SGCMGs) is investigated. Small-time local controllability (STLC) of the attitude dynamics of the spacecraft-SGCMGs system is analyzed via nonlinear controllability theory. The conditions that guarantee STLC of the spacecraft attitude by two non-coaxial SGCMGs are obtained with the momentum of the SGCMGs as inputs, implying that the spacecraft attitude is STLC when the total angular momentum of the whole system is zero. Moreover, our results indicate that under the zero-momentum restriction, full attitude stabilization is possible for a spacecraft using two non-coaxial SGCMGs. For the case of two coaxial SGCMGs, the STLC property of the spacecraft cannot be determined. In this case, an improvement to the previous full attitude stabilizing control law, which requires zero-momentum presumption, is proposed to account for the singularity of SGCMGs and enhance the steady state performance. Numerical simulation results demonstrate the effectiveness and advantages of the new control law.
Introduction
There is a significant interest in the attitude control problem of an underactuated rigid spacecraft, for which less than three control torques are available, in contrast to the fully actuated spacecraft. 1 The research to this problem will not only provide a fail-operation mode, but also have a significant meaning in improving reliability of attitude control systems, simplifying collocation of actuators, decreasing cost, economizing energy, and so on.
In contrast with fully actuated spacecraft, insufficiency of controls may destroy the controllability of spacecraft attitude, that is, the possibility of transferring one motion state of spacecraft attitude to another by a suitable control input. In Refs. [2] [3] [4] , global controllability and small-time local controllability (STLC) of a rigid body underactuated by one or two thruster torques, as foundations for many specific control strategies (see, e.g., Refs. 5, 6 and references therein), have already been sufficiently studied. Although the entire state space of the spacecraft attitude is uncontrollable for a spacecraft carrying fewer than three momentum exchange devices, controllability may exist in a reduced state space. Such cases for a two-wheeled spacecraft have been studied in Refs. 7, 8 . Under the zero-momentum restriction, different kinds of control methods have been constructed to detumble and reorientate a spacecraft by two reaction wheels. 9, 10 Single-gimbal control moment gyro (SGCMG) is another important type of momentum exchange device, which is especially effective in actuating space stations and small agile satellites. Bhat and Tiwari 11 suggested that the combined dynamics of a spacecraft with n > 0 SGCMGs are globally controllable on a reduced configuration manifold despite the presence of singularities of the SGCMG array. [12] [13] [14] For a spacecraft with two orthogonally installed SGCMGs, Ref. 15 provided a condition to determine STLC of the spacecraft attitude. However, the STLC property of a spacecraft carrying two arbitrarily installed SGCMGs remains unknown. Compared to the case of a spacecraft underactuated by thrusters and reaction wheels, the attitude control problem of a spacecraft with two SGCMGs is more difficult attributing to the existence of SGCMG singularities. Moreover, full attitude stabilization has only been addressed in cases of two coaxially arranged SGCMGs under the zero-momentum restriction 16, 17 and the full attitude stabilization problem in case of two non-coaxial SGCMGs is still unsolved. Han and Pechev 18 derived a dissipative controller for an underactuated spacecraft equipped with two coaxial SGCMGs to surmount disturbances, whereas the singularities of the two SGCMGs were not considered. Kwon et al. 19 provided a novel one-step control law to realize the pointing control of a spacecraft with two coaxial SGCMGs by linear parameter varying (LPV) control theory. Meng and Matunaga 20 proposed a failure-tolerant attitude control strategy for a spacecraft actuated by SGCMGs and magnetic torquers.
In this paper, the attitude control problem of a spacecraft actuated by two arbitrarily arranged SGCMGs is revisited. Firstly, STLC of the attitude dynamics of a spacecraft-CMG system is further investigated via nonlinear controllability theory, mainly aiming to find whether it is possible to achieve full attitude stabilization by two non-coaxial SGCMGs. Specifically speaking, a principle to determine STLC of the attitude dynamics of a spacecraft carrying an array of n SGCMGs at an equilibrium point is derived first, which indicates a close relationship between the STLC property and the momentum volume (MV) of the SGCMG array. This principle is then employed to the case of two non-coaxial SGCMGs via a geometric analysis of the corresponding MV, yielding results which include that of Ref. 15 as a special situation. Moreover, these results imply that the attitude dynamics of a spacecraft carrying two non-coaxial SGCMGs is STLC when the total angular momentum of the spacecraft-CMG system is zero. Considering the relationship between STLC and local stabilization of nonlinear systems, 21 our results indicate that under the zero-momentum restriction, full attitude stabilization is possible for a spacecraft using two non-coaxial SGCMGs. However, for the cases of two coaxial SGCMGs, STLC of the spacecraft attitude cannot be determined. Despite of this fact, we provide an additional steady state control law (SSCL) to tackle the SGCMG singularities and enhance the steady state performance of the full attitude stabilizing controller in Ref. 17 . Finally, simulation is conducted to compare the performances of the full attitude stabilization control law (FASCL) alone and the stabilization control algorithm combined with the SSCL. The simulation results validate the effectiveness and advantage of the SSCL.
Modeling

Attitude kinematics on SO(3)
The set SO(3) of 3 · 3 rotation matrices is a three-dimensional Lie group. Denote T A SO(3) as the tangent space of SO(3) at A 2 SO(3). Lie algebra of SO(3), also the tangent space at the identity I 2 SO(3), is the set of 3 · 3 skew-symmetric matrices so (3) . SO (3) 
Then, for "a, b 2 R 3 , we have S(a)b = a · b, where ''·'' represents the cross product on R 3 . Additionally, let i AE i denote the Euclidean norm on R n .
Dynamics of a spacecraft with SGCMGs
Consider a rigid spacecraft carrying an array of n SGCMGs. As depicted in Fig. 1 , let {b 1 , b 2 , b 3 } denote the body frame of the spacecraft. Let {g i , s i , t i } denote the gimbal frame of the ith SGCMG, of which g i is the unit vector along the gimbal axis, s i the unit vector along the spin axis, and t i = g i · s i the unit vector along the reverse direction of the output torque. Let d i denote the gimbal angle of the ith CMG and _ d i its gimbal rate. Suppose the magnitude of the angular momentum of each SGCMG is h 0 . The angular momentum vector of the system with respect to the inertial frame can be expressed in the body frame as
where J is the inertia matrix of the whole spacecraft-SGCMGs system, h i (i = 1,2, . . ., n) the angular momentum of the ith Fig. 1 Gimbal frame of the ith SGCMG.
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T and t i0 = [t i1 t i2 t i3 ] T , representing the initial directions of s i and t i , are constant vectors expressed in the body frame. Denote h = h 1 + h 2 + Á Á Á + h n as the angular momentum of the SGCMG array. The angular momentum caused by gimbal motion is assumed to be negligible in Eq. (3).
Without external torques acting on the spacecraft, applying the standard Euler theorems to Eq. (3) yields the attitude dynamic equations of the spacecraft:
n is the vector of gimbal angles and C = [t 1 t 2 Á Á Á t n ]. In deriving Eq. (4), the variation of J caused by gimbal rates is supposed to be negligible. Usually, s :¼ Àh 0 C _ d is defined as the control torque produced by the SGCMG array. One needs to solve _ d from s during the controller design. However, it is impossible to solve _ d when certain gimbal configurations degrade the rank of C, which is called singularity. [12] [13] [14] Physically speaking, singularity occurs when the torque vector generated by each SGCMG is perpendicular to the direction of the desired control torque. Many steering laws for SGCMG arrays are proposed to solve this problem; however, none of them can completely avoid the elliptic singularities while producing precise control torques along the singular direction.
14 As in Ref. 15 , by treating h as control input the system can be expressed in a kinematic form on SO(3) instead of the dynamic form represented by Eqs. (3) and (4). Let l, a constant vector, denote the inertial components of the angular momentum of the system. Then, solving x from Eq. (3), substituting it into Eq. (1), and noting h sc = A T l, we get
In order to use the STLC results described in Section 3, we now transform Eq. (5) into a control affine form by denoting
where u j (j = 1, 2, 3) is control input. A simple computation shows that u j has the following form:
Substituting Eq. (6) into Eq. (5) yields
Since the MV of the SGCMG array is defined as
T in Eq. (8) is equivalent to H n .
STLC property analysis
STLC of nonlinear systems
Before analyzing STLC of Eq. (8), some formal definitions and certain useful criteria need to be specified first. Let M be an ndimensional analytic manifold and consider a general nonlinear control system as follows:
where the drift vector field, f 0 , and the control vector fields,
, is a Lebesgue integrable function. 21 Let R(x, t) denote the set of reachable states from x 2 M at time t for system (9) . Then system (9) is said to be STLC at x if there exists T > 0 so that x 2 int([ t6T R(x, t)), where int(AE) denotes the interior of a set. Consider system (9) and denote
where T x M denotes the tangent space at x 2 M. Let convðVðxÞÞ denote the convex hull of VðxÞ. Now we can state the following theorem by Sussmann.
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Theorem 1. Let x 2 M. System (9) is
Note that (1) of Theorem 1 implies that if system (9) is STLC at x, then x must be the controlled equilibrium, i.e., f(x,u) = 0.
The case of n SGCMGs
Firstly, we present a generic result on the STLC of Eq. (8). Applying Eq. (10) to Eq. (8), we obtain
Then we have one of our main results: Proposition 1. The n-SGCMG control system represented by Eq. (8) is
Proof
(1) It follows from A T l = h that A is an equilibrium of system (8) . By Theorem 1, we only need to verify that 0 2 intðconvðV n ðAÞÞÞ. Now the three properties described in Ref. 15 , concerning the commutativity between the linear map and the operators int(AE) and conv(AE), will be exploited. Since A, S(AE), and J À1 are all invertible linear maps, it follows that 0 2 intðconvðV n ðAÞÞÞ () 0 2 intðconvðA T l À H n ÞÞ by employing Lemmas 3.2 and 3.3 in Ref. 15 to Eq. (11). By Lemma 3.1 in Ref. 15 we can further obtain 0 2 intðconvðV n ðAÞÞÞ () A T l 2 intðconvðH n ÞÞ. Therefore, the result follows from Theorem 1.
(2) From Lemmas 3.1 and 3.2 in Ref. 15 , we can also obtain 0 2 convðV n ðAÞÞ () A T l 2 convðH n Þ. Hence A T l R conv(H n ) implies 0 R convðV n ðAÞÞ. The result follows from Theorem 1. Remark 1. Note that int(AE) in Proposition 1 means the interior relative to the topology on R 3 . The result above is comprehensible: A T l 2 int(conv(H n )) indicates that the angular momentum of the system is completely under the control capacity of the SGCMG array, and thus the spacecraft attitude can be steered to any direction in small time; contrarily, A T l R conv(H n ) implies the drift vector field driven by the angular momentum of the system dominates the controls, and hence the spacecraft attitude essentially moves in the direction specified by l.
Under certain circumstances, Proposition 1 can be specialized into the following proposition:
Proposition 2. The n-SGCMG control system represented by Eq. (8) is
, the result follows directly from Proposition 1.
(2) Since conv(H n ) contains a sphere with radius larger than ili, then iA
. The result follows again by resorting to Proposition 1.
The case of two SGCMGs
Next, let n = 2 in Eq. (8), i.e., only two SGCMGs are available, and let b be the angle between the two gimbal axes as shown in Fig. 2 T , and then by Eq. (7) we have
where u 2 H 2 . Now we can present the following lemma characterizing a geometric property of H 2 .
Lemma 1. The convex hull of H 2 , i.e., conv(H 2 ), contains a sphere of radius h 0sin b centered at 0 2 R 3 if b " 0.
Proof. From Eq. (12) we have
It can be seen from Eq. (13) that, for every fixed d 1 , u 2 H 2 is a circle from the intersection of a sphere of radius h 0 centered at (h 0 cosd 1 , h 0 sind 1 , 0) with a plane perpendicular to the vector v = [0 sinb cosb] T and passing through the sphere center. When d 1 takes p/2 and 3p/2 in Eq. (13a), we will get two circles of radius h 0 centered at (0, h 0 , 0) and (0, Àh 0 , 0), respectively. The distance between these two centers is 2h 0 and both circular planes are perpendicular to v. As depicted in Fig. 3 , simple geometric analysis shows that conv(H 2 ) contains a sphere of radius h 0 sinb centered at 0 2 R 3 if b " 0.
Then we can prove the following result:
Proposition 3. When b " 0 and n = 2, the two-SGCMG control system represented by Eq. (8) is
Proof
(1) The result follows directly from Lemma 1 and Proposition 1. (2) To prove the result, we first assert that the maximum Euclidean norm of the vectors in conv(H 2 ) is g = 2h 0 , the proof of which is shown in Appendix A. Noting iA T li = ili > g = 2h 0 , the result now follows from Proposition 2.
Remark 2. If h 0 = 1 and b = p/2, Proposition 3 entirely coincides with the result in Ref. 15 . If b = 0, H 2 degrades into a circular plate, containing no interior point in R 3 , and therefore Theorem 1 fails to determine the STLC of Eq. (8) when h 2 conv(H 2 ). Even so, with two coaxial SGCMGs, the spacecraft attitude is small-time locally controllable in the zeromomentum case if we neglect the singularity of two coaxial SGCMGs, that is, assuming that two independent control torques can always be generated by two coaxial SGCMGs. This conclusion can be directly proved as the case for two momentum wheels in Ref. 7 . In Section 4, the full attitude stabilization Fig. 2 Schematic of the arrangement of two SGCMGs. Fig. 3 Sphere contained in the convex hull of H 2 .
law is first derived by ignoring the singularity of SGCMGs, and then enhanced by adding a steady-state controller to account for the contradiction between stabilization of spacecraft attitude and singularity of two coaxial SGCMGs.
Note that STLC of a real analytic system at any equilibrium guarantees the existence of a piecewise continuous feedback control asymptotically stabilizing the system to that equilibrium. 21 Consequently, Propositions 1, 2, and 3 imply that stabilization of the attitude of a spacecraft with two noncoaxial SGCMGs is realizable under certain conditions (e.g., ili < h 0 sinb or A T l 2 int(H n )) when the attitude dynamics are STLC at the equilibrium attitude. This conclusion exists for a spacecraft carrying two SGCMGs arbitrarily arranged with any nonzero skew angle. It explains in a theoretical point of view that why stabilization of the attitude of a spacecraft using two non-coaxial SGCMGs to a rest state can be achieved as in Ref. 17 . Moreover, it can be seen from h sc = A T l that no constraint is imposed on the spacecraft attitude if the angular momentum of the system is zero, i.e., l = 0, and STLC is guaranteed by Proposition 3, in this case. Therefore, under the zero-momentum restriction full attitude stabilization is possible for a spacecraft using two non-coaxial SGCMGs. The fact that h changes in a three-dimensional space, however, makes it rather difficult to derive a control law to stabilize the attitude of the spacecraft. Thus, the stabilization law design in Section 4 only focuses on the case of two coaxially installed SGCMGs.
Attitude stabilization using the steady state control law
Although the STLC property of a spacecraft using two coaxial SGCMGs cannot be determined here, some efforts have been devoted to, under the zero-momentum presumption, achieve attitude stabilization in this case. 16, 17 However, the main problem shared by Refs. 16, 17 is that the two SGCMGs approach a singular state while the attitude error converges to zero. As a result, frequent switches between the attitude stabilization control law and the singularity avoidance logic yield quiver of the gimbal rates, strongly affecting the steady state performance of the system. To solve this problem, a new steady-state controller is derived in the following. Moreover, the condition to exclude the singularity in the stabilizing control law in Ref. 17 is provided.
Full attitude stabilization control law (FASCL)
Assume that two gimbal axes are coaxially installed, i.e., b = 0 in Fig. 2 , and s 10 = s 20 = [1 0 0] T . Supposing the three axes of the body frame are aligned with the three inertial principal axes of a spacecraft, then J = diag(J 1 , J 2 , J 3 ). If the total system angular momentum is zero, Eq. (3) can be rewritten as
which implies x 3 = 0. Although rotation matrices are convenient for STLC analysis to all attitude configurations, they are not suitable for design of an attitude control law. To facilitate the controller design, the Rodriguez parameters are also adopted here as
where e is the unit vector of the Euler axis and u the rotational angle about e. Then, the corresponding kinematic equation can now be written as
As in Ref. 17 , the desired angular velocity components x 1d and x 2d , which stabilize Eq. (16) to zero equilibrium, can be chosen as
where
where k and g are two positive constants. The proof of the asymptotical stability of Eq. (16) by the control law Eqs. (17) and (18) can be found in Ref. 17 . It can be seen from Eq. (18) that u 1 and u 2 become singular when q 1 = q 2 = 0. However, we can further prove that, k and g can be chosen appropriately so that q 3 =ðq 
Calculating the time derivative of V 0 along Eqs. (16)- (18) yields
Since q 2 1 ð0Þ þ q 2 2 ð0Þ-0, it follows from Eqs. (19) and (20) that V 0 fi 0, i.e., q 3 =ðq
On the other hand, to overcome the discontinuous problem when q 1 (0) = q 2 (0) = 0, Eq. (18) is rewritten as
2 Þ, and satðx; aÞ ¼ x; Àa 6 x 6 a a; x > a Àa;
x < a
where a is an appropriate positive constant. The angular velocity tracking law can be taken as
where x 1 and x 2 denote the actual angular velocity components, and k 1 and k 2 are positive constants. Denote
the singular value decomposition (SVD) of which can be written as
where U and V are unitary matrices and S = diag(r 1 , r 2 ) with r 1 and r 2 being the singular values of matrix D. Then, according to Eqs. (4) and (14), the command gimbal rates can be obtained by the SVD method:
where S À1 c ¼ diagð1=r 1 ; 1=ðr 2 þ cÞÞ and 
Steady state control law (SSCL)
Given the zero-momentum assumption, at the system equilibrium the angular momentum vectors of two SGCMGs will lie in opposite directions, i.e., the SGCMGs will become singular. If the stabilization control law and steering law in Section 4.1 are implemented, oscillation of the commanded gimbal rates will occur in the steady state due to frequent switches between the attitude stabilization control law and the singularity avoidance logic. In order to overcome this deficiency, two unit vectors as shown in Fig. 4 are defined first:
Consider the projections of the angular momentum of the spacecraft onto n and m:
i.e., n x n y m x m y
Noting Jx = À(h 1 + h 2 ), it follows from Eqs. (29) and (31) that v 1 = 0. Then, from Eq. (32) we can obtain
where a 1 = m x /J 1 and a 2 = m y /J 2 .
Define a Lyapunov function representing the attitude error as
Considering Eqs. (16) and (33), the time derivative of V can be calculated as
To minimize the attitude error, we can take the desired v 2 as
where k v is a positive constants. Then we have _ V 6 0, implying the attitude error will decrease monotonically when the control law represented by Eq. (36) is utilized during the steady state. Therefore, once the control algorithm is switched to the steady state control law, it will not be switched back to the attitude stabilization control law. Thus, smooth gimbal rates and a small attitude error during the steady state are guaranteed by Eq. (36), although it cannot lead to asymptotic stabilization of the spacecraft attitude. The tracking law can be chosen as
where k d is a positive constants.
On the other hand, from Eqs. (14) and (30) we obtain 
To avoid the discontinuity produced by
where e is a small positive value. In practical implementation, a switching index S w as a function of q and x, and a positive threshold S 0 are specified first. The FASCL and the SVD steering logic are utilized if S w P S 0 ; otherwise, the SSCL is employed if S w < S 0 . Therefore, the quiver of the commanded gimbal rates and the attitude error during the steady state is wiped out at the cost of a discontinuous point in gimbal rates at the switching point S w = S 0 .
Numerical simulation
Assume the inertial matrix of a spacecraft-SGCMGs system is J = diag(100, 100, 50) kgAEm 2 and the angular momentum of each SGCMG is h 0 = 50 NAEmAEs. The initial conditions for attitude stabilization are Two control algorithms are compared through simulations. The first is the FASCL and the SVD steering logic with control gains:
The second is the FASCL, the SVD steering logic, and the SSCL with
The switching index S w can be chosen as
where k w = 1 (rad/s) À2 and the threshold S 0 = 1 · 10
À6
. Figs. 5-8 demonstrate the simulation results without the SSCL, while Figs. 9-12 demonstrate the simulation results with the SSCL. Fig. 8 shows that the singularity index converges to a small value near zero, implying that the SGCMGs approach singularity. This induces frequent switches between the FASCL and the SVD steering logic, stimulating sudden quiver of gimbal rates during the steady state as shown in Fig. 7 . As a result, quivers are also activated in the steady state attitude and angular velocity responses as shown in Figs. 5 and 6. Therefore, the control performance of the FASCL is degraded.
When the FASCL, the SVD steering logic, and the SSCL are utilized, the SGCMGs also approach singularity during the steady state as indicated by the small singularity index during the steady state in Fig. 12 . However, Fig. 11 shows that thanks to the SSCL, the commanded gimbal rates are smooth during the steady state except for a discontinuous point of small amplitude after 50 s; the quivers in Fig. 7 are extinguished here and the gimbal rates remain small near zero. Consequently, the performances of the attitude and angular velocity responses during the steady state are refined as shown in Figs. 9 and 10.
Conclusions
(1) With the angular momentum of the SGCMG array being treated as input, the conditions for STLC of a spacecraft using two non-coaxial SGCMGs are given. Moreover, these results indicate that under the zeromomentum restriction, full attitude stabilization is possible for a spacecraft using two non-coaxial SGCMGs. (2) The STLC property of spacecraft attitude in case of two coaxial SGCMGs cannot be fully determined. Even so, in this case a SSCL is proposed together with a previous attitude stabilization control law to detumble and reorientate the spacecraft attitude. The SSCL overcomes the singularity of SGCMGs during the steady state and enhance the steady state performance. (3) Effectiveness of the control algorithm is verified by numerical simulations. Although the stabilization law in this paper focuses on the case of two coaxially arranged SGCMGs, full attitude stabilization of spacecraft attitude using two non-coaxial SGCMGs is also confirmed theoretically to be attainable. Therefore, future research includes full attitude stabilization control by two non-coaxial SGCMGs. Local controllability and stabilization of spacecraft attitude by two single-gimbal control moment gyros
